We present ultimate version of no-hidden-variables theorem. We shall derive a proposition under the existence of the Bloch sphere in a single spin-1/2 system. The existence of a single classical probability space for measurement outcome within the formalism of von Neumann's projective measurement cannot coexist with the proposition. Namely, we have to give up the existence of such a classical probability space for measurement outcome in the two-dimensional Hilbert space formalism of the quantum theory. Thus, the quantum theory cannot accept any hidden-variable interpretation even in the two-dimensional space.
Introduction
even in the two-dimensional space.
In what follows, we derive a proposition under the existence of the Bloch sphere in a spin-1/2 system. Despite the fact that there should be the Bloch sphere as a proposition of the quantum theory, the existence of a classical probability space of measurement outcome within the formalism of von Neumann's projective measurement cannot coexist with the proposition. An important note here is that we consider a single classical probability space. A single classical probability space is enough to investigate any hidden-variable theory since we can consider the direct product of many spaces (Ω 1 × Ω 2 × Ω 3 × · · ·) as a single space.
Notation and preparations
Throughout this paper, we assume von Neumann's projective measurement and we confine ourselves to the two-dimensional and the discrete spectrum case. Let R denote the reals where ±∞ ∈ R. We assume every eigenvalue in this paper lies in R. Further, we assume that every Hermitian operator is associated with a unique observable because we do not need to distinguish between them in this paper.
We would like to investigate if a hidden-variable interpretation of the twodimensional Hilbert space formalism of the quantum theory is possible. Let O be the space of Hermitian operators described in a two-dimensional Hilbert space, and T be the space of density operators described in the Hilbert space. Namely, T = {ψ|ψ ∈ O∧ψ ≥ 0∧Tr[ψ] = 1}. Now we define the notation θ which represents one result of quantum measurements. Suppose that the measurement of a Hermitian operator A for a system in the state ψ yields a value θ(A) ∈ R. Let us consider the following propositions. Here, χ ∆ (x), (x ∈ R) represents the characteristic function. ∆ is any subset of the reals R.
Proposition: BSF (the Born statistical formula),
The whole symbol (∆) ψ θ(A) is used to denote the proposition that θ(A) lies in ∆ if the system is in the state ψ. And Prob denotes the probability that the proposition holds.
Let us consider a classical probability space (Ω, Σ, µ ψ ), where Ω is a nonempty space, Σ is a σ-algebra of subsets of Ω, and µ ψ is a σ-additive normalized measure on Σ such that µ ψ (Ω) = 1. The subscript ψ expresses that the probability measure is determined uniquely when the state ψ is specified.
Let us introduce measurable functions (classical random variables) onto Ω (f : Ω → R), which is written as f A (ω) for an operator A ∈ O. Here ω ∈ Ω is a hidden variable.
Proposition: HV (the deterministic hidden-variable interpretation of the quantum theory).
Measurable function f A (ω) exists for every Hermitian operator A in O. Proposition: D (the probability distribution rule),
Now, we shall review the following:
Lemma: [29] Let S A stand for the spectrum of the Hermitian operator A. If
Proof: Note
Hence we have
QED. Thus, one may assume the probability measure µ ψ is chosen such that the following relation is valid:
for every Hermitian operator A in O. From BSF, HV, and D, the possible value of f A (ω) takes eigenvalues of A almost everywhere with respect to µ ψ in Ω. That is, we have the following Lemma.
Lemma: Let S A stand for the spectrum of the Hermitian operator A. For every quantum state described in a Hilbert space,
(2.7)
3 Unconditional no-hidden-variables theorem
Here, we shall discuss main result of this paper. Assume a pure spin-1/2 state ψ in the two-dimentional space. Let σ be (σ x , σ y , σ z ), the vector of Pauli operator. The measurements (observables) on a pure spin-1/2 state of n · σ are parameterized by a unit vector n (its direction along which the spin component is measured). Here, · is the scalar product in R 3 . One has x (1) := x, x (2) := y, and x (3) := z which are the Cartesian axes relative to which spherical angles are measured. Let us write the unit vectors in a spherical coordinate system defined by x (1) , x (2) , and x (3) in the following way:
One has a quantum expectation value E QM as
We shall derive a necessary condition for the quantum expectation value for the system in a pure spin-1/2 state ψ given in (3.2). Namely, we shall derive the possible values of the scalar product Ω (E QM × E QM ) =: E QM 2 of the quantum expectation value, E QM given in (3.2). We use decomposition (3.1) and introduce the usual measure Ω = sin θdθdφ. We introduce simplified notations as
Then, we have
where we use the orthogonality relation Ω c 
Thus we derive a proposition under the assumption of the existence of the Bloch sphere (in a spin-1/2 system), that is, E QM 2 ≤ 4π/3. It is worth noting here that this inequality is saturated if ψ is a pure state. Hence we derive the following proposition
Let us assume BSF, HV, and D hold. In this case, the quantum expectation value can be given by
The possible values of f n k (ω) are ±1 (inh/2 unit) almost everywhere with respect to µ ψ in Ω. We shall derive a necessary condition for the quantum expectation value given in (3.8). Again, we shall derive the possible values of the scalar product E QM 2 of the quantum expectation value, E k QM given in (3.8). One has
Clearly, the above inequality can be saturated since
Thus we derived a proposition under the assumption that BSF, HV, and D are true, simultaneously, (in a spin-1/2 system), that is, E QM 2 ≤ 4π. Hence we derive the following proposition
Clearly, we cannot assign the truth value "1" for two propositions (3.7) and (3.11), simultaneously, when the system is in a pure state. Therefore, we are in the contradiction when the system is in a pure state.
Thus, we cannot accept the following four propositions, simultaneously, when the system is in a pure state: Suppose the quantum theory is a set of propositions. Suppose all quantum propositions are true. If we want to assign the truth value "1" for Proposition BSF and [The Bloch sphere exists.], then we have to give up Proposition HV or Proposition D. This implies that we have to give up any hidden-variable interpretation of the two-dimensional Hilbert space formalism of the quantum theory.
As we have shown, it should be that E QM 2 max = 4π/3 if we accept the existence of the Bloch sphere when the system is in a pure spin-1/2 state. However, using BSF, HV, and D, the existence of a classical probability space of the results of von Neumann's projective measurements assigns the truth value "1" for the different proposition E QM 2 max = 4π. Therefore we are in contradiction when the system is in a pure state. Namely, we have to give up, at least, one of propositions, the Bloch sphere, BSF, HV, D, and ψ is a pure state.
Summary
In summary, we have presented alternative and ultimate version of no-hiddenvariables theorem. The existence of a classical probability space for the results of von Neumann's projective measurements cannot coexist with the existence of the Bloch sphere. Therefore there should not be any classical probability space for projective measurement outcome. Our result has been obtained in a quantum system which is in a pure spin-1/2 state in the two-dimentional space. It has turned out that the quantum theory cannot accept any hidden-variable interpretation even in the two-dimentional space.
